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and k; < |S$2|. Now note that s5; € F; since a(0, i) € W. Moreover, neither of

5i(0),...,si(ki — 1) equals sp2. Otherwise, there would be a prefix «(0, k) of .

(0, ©) such that a(k, w) € L, which would contradict the choice of i. Now note
that £; 1 is

(i1, Ta(sis0,2, @(@)), (T2 (sis0,2, ¢ (i))).

The computation of the sequential Rabin automaton 4;: K
ry = 50,2, 12(s0,2, (1)), T2 (T2(50,2, @ (i), (i + 1)),

on (i, w) is successful. Hence there exists an r such that In(rp) () P, # @ and
In(c2) () N, = 0. Moreover this run will never merge with the run

Ty(si(m), a (D)), Ta(Ta(si(m), o)), (i + 1)),

éro_.@oMSM\s.|.,~.>ma=.onrozimo:éo&moo:qm&o:roorowooo:.
Therefore, we conclude that there must exist a k < k; such that In(c) (| Pri # 0
and In(c) () Nyx = @. This proves that o is accepted by the sequential Rabin
automaton A.

Suppose that « is accepted by A. We need to show that « € WL. Let us

consider the computation r of A on a:

=108, ...yt titls vy

where each ¢; is (sj, s;, nj) as in the notation above. There exist 7, k such that
In(c) () Prx # @ and In(c) (| Nyx = @. Take the least m such that for all j > m,
tj & N, . It follows by the aomE:os of N, that s (k) exists and does not belong
to N,. The sequence

Sm (0)Sm-+1(K), sm2(K) - \

is acomputation of A ona(m, w) .éEor begins froms,, (k). Hence there must exist
ani < m such that«(0, i) € W ands;(k), ..., su—1(k), sm(k) isa computation of
Ay on (i, m) such that mn Q& = s0,2. We conclude that &« € W L. This proves the
_oEBm. -

3.9 Decidability , ; -

In this section, as we did for finite automata, we will discuss certain natural prob-
lems posed about Biichi w&oBmE As we will see these problems are decidable.
Decidability of these ?oEoEw gives a powerful tool for applications of Biichi
automata in logic, algebra, and computer science. In the next two sections we will

discuss examples of such applications. Let us now to formulate the problems.

1. (Emptiness Problem) Does there exist an effective procedure which, given
any Biichi automaton A, decides whether some o € % is accepted by A?
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2. ﬁwa:w__@ Problem) Does there exist an effective procedure which, given
"Biichi automata A and B, decides whether these automata accept the same
" w-language?

3. (Universality Problem) Does there exist an effective procedure which,
given any Biichi automaton A, decides whether L(A) = £?

As we see, these problems are reformulations of the questions we: asked about
finite automata. However, the solutions to these problems are not as easy as for
finite automata, as some of them employ results obtained in the previous sections.
In particular, the solutions to the last two problems are based on the proof of the

‘complementation problem for Biichi automata. This section is devoted to giving

positive solutions to all these problems.
Theorem 3.9.1 The emptiness problem \c\mmni automata is decidable.

Proof. A basic tool for solving this problem is the transition graph 8@8@?
tation for Biichi automata. Thus, let A = (S, I, T, F) be a Biichi automaton over
3. By the Biichi characterization theorem of w-languages the language L(A) is

equal to
C S\h s/ ,1 s ,

sel,s’eF

Hence, the set L(.A) is not empty if and only if there exists a state s € F so that
the following two conditions hold:

1. There exists a finite string # which transforms some initial state sg to s.

2. There exists a finite nonempty string v which transforms the state s € F into
s itself.

In other words, in order to decide if the language L(.A) is empty or not, we have
to look at the transition table that represents A and do the following. We have to
find a path labeled by some 4 € X* that connects an initial state so with a final
state s, and then for each such final state s check whether or not there exists a loop
labeled with a string v € ©* which transforms the final state s to s itself. If for
some s € F that is the case, then clearly A recognizes uvvvyv. ... Otherwise, A
accepts no string. It is easy to see that one can construct an algorithm that decides
whether or not there exist a state s € F and strings 4, v € X* that mmsm@ the two
properties above. The 50085 is proved.

" Exercise 3.9.1 Prove the theorem above in more detaill.

Theorem 3.9.2 The ma:a:@ problem for Biichi automata is decidable.

Proof. To decide the equality problem for Biichi automata, we need the
following lémma.
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Lemma 3.9.1 There exists an algorithm which, given a Biichi automaton A, con-
structs a Biichi automaton A’ that accepts the complement of L(A).

Proof of the Lemma. Here is a step-by-step explanation of how the desired
algorithm works.

1. Take the given Biichi automaton .A.

2

Consider the equivalence relation ~ introduced in Biichi’s proof of the com-
plementation problem. .

3. Compute the index of the equivalence relation ~.

b

Using the definition of ~, for each ~-equivalence class effectively construct
a finite automaton recognizing the class.

bt

For every pair of ~-equivalence classes V and W, o@no%a? construct a
Biichi automaton recognizing the language VW® (| L(A).

o

Take all V, W equivalence classes such that V W< N L(A) = 0.
Construct a Biichi automaton that accepts the union of all V W such that
VWM L(A) = 0. :

Each step of the above algorithm can be effectively carried out. The last step of
the algorithm provides the desired automaton, as follows from the proof of the
complementation problem for Biichi automata. This proves the lemma.

=

Now in order to prove the theorem, consider two Biichi automata A and
A;. By the lemma above we can effectively construct two Biichi automata B; and
By such that By accepts L(A;) \ L(Az) and B, accepts L(Az) \ L(Ay). Then
L(A1) = L(Ay) if and only if L(By) = L(B2) = @. This gives a desired proof of
the theorem. - o

Theorem 3.9.3 The universality problem for Biichi automata is decidable.

Proof. The decision of the universality problem is as follows. Take a Biichi
automaton A. Then L(A) = ¢ if and only if £ \ L(A) is empty. Thus we have
to simply construct the automaton C which-accepts ©¢ \ L(A) and apply the first
theorem to C. The theorem is proved.

We now present several exercises. Solutions to these exercises require some
analysis of the transition tables of Biichi automata,

Exercise 3.9.2 Prove that there exists an effective procedure which, given any

Biichi automaton A, decides whether or not A accepts finitely many strings.

Exercise 3.9.3 Prove that there exists an effective procedure which, given any
Biichi automaton A, decides whether or not A accepts countably many strings.
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3.10 Biichi Automata and the wsooo‘mmg Function

Important and natural structures that arise in computer science and mathematics
involve numbers. Perhaps, the most simple nontrivial and important mathematical
structure which involves numbers is the set of natural nimbers fogether with the
successor function. We denote the successor function by S. The successor function
S works in a simplest possible way. The function sends 0 to 1,1t02,2to 3, etc.
In general, S'sends # to 1 - 1. We write this as, S(n) = n 4+ 1. We denote this
structure, that is the natural numbers together with the successor function S , by
(w, S). Let us call this structure the successor structure. Biichi was the first who
observed a close relationship between automata on infinite inputs and some natural
properties of the successor. structure. .

The goal of this section can be informally described as follows. We want
to express properties of the structure (w, S) using a formal language. Then we
would like to have a procedure which, given any expression ® of the language, -
tells us whether or not the property expressed by ® holds in (w, S). To do this we
employ our results about Biichi automata. The reader has probably noticed that we
would like to investigate the relationship between the successor structure and Biichi
automata in the same manner as we studied the relationship between finite automata
and the monadic second order logic of finite strings. In this section we shall use.
results about Biichi automata, their computations, computational properties and

show how these are related to algebraic and logical properties of the successor
structure. .

3.10.1 w-Strings as Structures. We will show how each infinite string o over
Y can be viewed as a mathematical structure richer than the successor structure
(@, S). Suppose that

. & = 000103...

is an w-string. Consider the structure (w, S). Take a o from ¥. Now this o defines
a subset Q, on natural numbers in the following way:

A natural number n belongs to the subset Q, if and onlyifo, = 0.
Let us consider an example.

Example 3.10.1 Suppose that ¥ = {a, b, ¢}. Consider the word

abcabcabeabe . . ..

Then -
Qe =1{0,3,6,9..}, Qp={1,47,10,..), Q. =258, 11,..).

In this example, the string abcabcabe . . . defines the structure which contains all
natural numbers, the successor function, and the sets Qa, Qp, and Q.. In other
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words, we have the following mathematical structure:

AS“ 'w.. Qn. mwu mnv EE—.

This structure is indeed richer than (w, ) just because it contains more information
about natural numbers than the structure (w, S) itself. v

Now we can explain this more formally. Given an w-string o over X
{ai, ..., a,}, we can expand (w, S) by considering the structure

Ae_ .m., mn_. T @hxvq

where each Q, contains all those natural numbers # such that o (r) = a. We denote
this structure by (@, S)q.

There is another way to look at the structures of the type (@, ). We explain
this using the above example.

In the example, the alphabet is {a, b, c}. We can look at the alphabet {a, b, c}
as a subset of the alphabet {0, 1}? in such a way that

1 0 1
a = O N @ - H , €= H .

Note that any Biichi recognizable language over the alphabet {a, b, ¢} is also Biichi
recognizable over the alphabet {0, 1}2. Therefore, as our primary interest is in
Biichi recognizable language, we can assume that ¥ = {0, 1}2. Now the w-word
abcabcabceabc . . . has become

IY(0)/[1 1\ (0 IN/TIY/0)/[1
0/\1 1 0 1 1/\0 1 1/

This infinite word defines the vmw (X1, X7) of subsets on the set @ of natural

numbers as follows. A natural number » belongs (does not belong) to X if and
only if the first coordinate of the letter in the nth position of the above w-string is
1 (0). Similarly, a natural number n belongs (does not belong) to X5 if and only

if the second coordinate of the letter in the nth position of the above w-string is 1

(0). Hence we see that
X1={0,2,3,5,6,8,9,...}, Xo=(1,2,4,5,7,8,10,11,...}.
Note that the first (the second) row of the sequence

N0\ /1N /1N /0N /1 /1) [0\ /(1
ASYACYACTACTACTACTACTACY A

is simply the characteristic function of the set X1 (X2). Therefore, the pair (X1, X2)
defines the sequence

I\(O 1 1 0 1 1 0y /1
0 1 1 0 1 1/\0 1/\1

_ in the following way. Take natural number 7. Define the letter
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€1
€2

as follows: if n € X, then ¢; = 1; otherwisc e; = 0. Similarly, if n € X5, then
€2 = 1; otherwise € = 0. Now note that this letter belongs to {0, 1}% and is exactly
the letter in the nth position of the w-sequence above.

Thus, informally we can conclude with the following comments about the
example. If we know «, then we know the structure (@, §)q. If we know (@, S)a,
we certainly know o If we know «, we certainly know the pair (X1, X3). If we
know the pair (X1, X3), then we know «. Roughly speaking, the three objects, o,
(@, $)a, and (X1, X3), are essentially the same and possess, in the natural sense
explained above, the same information.

3.10.2 Monadic Second Order Formalism. Our goal can informally be de-
scribed as follows. First, we want to express properties of the structure (w, S). A
natural way to do this is to invent a formal language. The language for us will be
an important tool to talk about properties of (w, S) as well as structures of the type
(@, S)a. Second, we want to have a procedure which, given any expression ® of
the language, tells us whether or not the property expressed by ® holds in (w, S).5
In order to achieve our goal, we explain the language called the monadic second
order logic of the successor S.
The &E&ow which we use in this logic A_m:m:mmov are the following.

1. We use the symbols
' Xy V3 Zyeens
called individual variables, possibly with subscripts or superscripts. The

intended meaning of these <m:mc_0m is that they run over the set of natural
numbers.

2. We use the symbols
; X,Y,Z,...,

called set variables, possibly with subscripts or superscripts. The intended
- meaning of these variables is that they run over subsets of w.

bl

We use symbol = to express equality; we use symbol € to express mem-
‘bership; we also use the symbol § whose meaning is simply the successor
function S'in w.

4. We use logical connectives & (and), \/ (or), — ?oc.“ — (if ..., then...),
and quantifiers 3 (there exist), ¥ (for all).

5The reader may want to review the section on the monadic second order theory of finite strings
from the previous chapter. Then this section can be read aﬁow_w
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5. We also use nonlogical symbols ( and ), left and right parentheses.

Now, we would like to talk about properties of (w, S) in terms of just intro-
duced symbols. The properties are expressed by means of certain finite strings of
the language. These strings will be called formulas. Formulas formalize the notion
of expression. We first define the notion of term. Informally, the meaning of each
term in the successor structure is a function that can be obtained from the successor
function § by composition. ) .

Basic Step. Each variable x is a term.

Inductive Step. If ¢ is a term, then S(¢) is also a term.

;

Exercise 3.10.1 Let x be a variable. For every n € w, define S"(x) as follows:
SOx) =x, and S"*(x) = S(S"(x)).
Show that t is a term if and only if t = S"(x) for some variable x and number n.

We now define, by induction, formulas of our language.

Basic Step. The expressions t € X, f{ = 5, X = Y, where #; and #, are
terms, X and Y are set variables, are atomic formulas.

Inductive Step. Suppose that the formulas ®; and ® have been defined.
Then all of the following expressions are formulas:

(®1&P2), (P1V D2), (1 — ), @xdy), (—dy), (3XP1), (VxPy),
) ; (VX 1),

where x is an individual variable, and X is a set variable.

We give several examples to clarify the intended meaning of formulas.

Example 3.10.2 The formula X C Y is defined as
Yi(ze X > z€7).

Thus, when X and Y are thought to be A and B respectively, with A, B C w,
then the formula X C Y is satisfied-under this interpretation of X and Y if and
only if A is indeed a subset of B.

Example 3.10.3 Consider the formula Sub(X):
Vi(x € X - S(x) € X).
Suppose that the interpretation of X is the set A;:

(i+1,i4+2,..).
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Then certainly, for any number 7 if n € A;, thenn +1 € A i» Hence one can say
that A; satisfies the formula Sub(X) when X is interpreted as A;. It is not hard to
see that a subset B of natural numbers satisfies the formula Sub(X) if and only if
B coincides. with A; for some i ot B = @.

Example 3.10.4 We define the following formula denoted byx <y:

VX Sub(X) &x € X — y € X).

It is not hard to sce that when we interpret x and ¥ as numbers i and j,
respectively, under this interpretation of x and y, the formula x < y is true if and
only if i is less than or equal to j.

Exercise 3.10.2 Prove the statement of the example given above.
We let the expression X C Y stand for X C Y&X # Y.
Example 3.10.5 The formula Fin(X) is defined as

AZ(X CZ&Ay(y ¢ Z) & Vx(x £ Z — S(x) & Z)).

This formula defines finite subsets of w. Indeed, suppose that A is a finite subset.
Let n be the maximal element of the set A. Then if we put Z to be {0, ...,n},
then A C Z,n+ ¢ ¢ Z and for all numbers i if i ¢ Z, then clearlyi +1 ¢ Z.
gaﬂooa\oﬁ itis not-hard to see that if, under the interpretation X — A, the formula
is satisfied, then A is finite. -

Exercise 3.10.3 Consider the Sormula
W EX — SO ¢X) & (y & X — SO) € X))
What type of subsets X of natural numbers aam&@ the formula?

3.10.3 Satisfiability. The examples given at the end of the previous subsection
naturally lead us Ho.‘m formalization of the notion of satisfiability in the structure
(w,-S). Suppose that to each individual variable x; and a set variable X j anelement
bi € L and a set B; has been assigned, respectively. In other words, we have a
fixed interpretation

intr . x; = b; intr: X; — B;

of the variables. By induction on the complexity of the formula ®, we define sat-
isfiability of ® on (w, S, <) under the interpretation. We need one explanation.
Consider the term S"(x). When n = 0, S%(x) = x. If we think of x as a variable
that runs over the set of natural numbers, then S%(x) can be thought of as the
function mapping each x to itself. Suppose that n = 1. Then S! (x) is simply S(x).
Therefore, if we think of x as a variable that runs over the set of natural numbers,
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then S!(x) can be thought as a function that maps each x to its immediate successor
x + 1. Similarly, the term S%(x) simply represents the function on  that maps
each x to x + 2. In general the term $™ (x) represents the function on @ that maps
each.x to x + m. Now we are ready to explain the notion of satisfaction that relates
formulas with their meaning in the successor structure (@, S).

Basic Step. ‘

* The structure (w, S) satisfies the atomic formula ($™(x;) € X ) if in the
structure (w, S) we indeed have S (b;) € Bj.

* Thestructure (w, ) satisfies the atomic formula $”* (x;) = S (x;)if $" (b;) =
S™(bj).

* The structure (o, S) satisfies the atomic formula (X; = X j)if B; = Bj.

Inductive Step. We consider separately each case corresponding to the in-
ductive step in the definition of formula.

1. (w, S) satisfies (1 \/ @) if (w, S) satisfies either the formula ®; or the
formula ®5.

N

(w, S) satisfies (P& D,) if (w, S) satisfies both the formula &y w:a the
formula ®,. -

3. (w, S) ww.:mnwm (®1 — ®,) if the condition that (w, S) satisfies ®| implies
that (w, S) satisfies ;.

4, (w, S) satisfies —(®) if (w, S) does not satisfy ®;.

5. (w, S) satisfies (3x; @) if there exists a b €  such that (w, S) satisfies
the formula ®; under the new interpretation intr’ which is the same as intr
except its value on x; is b.

6. (w, S) satisfies (3X;Py) if there exists B C w such that (w, S) satisfies
the formula ®1 under the new interpretation int+’ which is the same as E:
except its value on X; is B.

7. (w,.5) satisfies (Vx; ©1) (YX; ®1)) ifand only if (w, S) satisfies = (Ix; (D))
(—@Xi(=®1))-

For a formula ® whose variables are among x1, ..., x; and X1, ..., Xp, we
usually write ®(X1, ..., Xp, x1, ..., x;). We also write

+

(@,8) = ®(B1, ..., Bp,bi, ..., br)

if the structure (w, ) satisfies this formula under the interpretation intr such that
intr(x;) = b;, intr(X;) = Bj, where'i = 1,...,¢t,and j = 1,..., p. We now
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suggest that the ﬁommo.q go through the examples of the previous subsection to better
understand the definition of satisfiability.
We now need a definition.

’

,zmvom:maoz 3.10.1 Wesaythat the formulas ® (X1, . . . s Xms Y15 -+ yr) and W (X4,
ees Xy Y1, -y V) are equivalent if for all subsets By, ..., B,, C w and all ele-
ments by, ..., by € w the structure (w, S) satisfies the formula ®(By, ..., By, by,

“weey by) if and only if (w, S) satisfies V(B1, ..., By, b1, ..., by).

The next exercise gives some examples of equivalent formulas.

Exercise 3.10.4
1. Show that the SJormula S"(x) e .N is equivalent to the formula

m_«,«_ e (SE) =1 &S =& ... & S(xp-1) € X). .

qw. Show that the \3.5:& S"(x) = S™(y) is equivalent to the Jormula

Fer Ak Tyr L Iy () = X1 & S() =x2 & ... & S(¥pi)
=Im &S =n&SO) =& ... & SGn-1) = ym).

To investigate the connections between Biichi automata and the monadic
_second order logic of the successor structure (w, §), we need a technical notion of

free variable. Basically, we just repeat the appropriate notion from the section on
- the monadic second order logic of finite strings.

Basic Step. For atomic formulas $"x)eX),x=y,X=7Y,and S™(x) =
S™(y), the set of free variables are {x, X b {x, y1AX, Y} and {x, y}, respectively.

Inductive Step. Suppose that the set of free variables FV(®1) and FV (®y)
for the formulas ®; and &, have been defined. Then

FV(®17®) = FV(®1) | JFV(®2), FV(=d)) = FV(®)),
FV(Qx®1) = FV(®1) \ {x}, FV(QX®) = FV(d1) \ {X)},

where 7 € {&,\/, =}, Q € {¥,3}, x is an individual variable, and X is a set
variable. _

A formula is a sentence if it has no free variables. Thus by the definition
of satisfiability, in the structure (w, S) any sentence ® is either true or false. In
other words, the truth value (satisfiability) of ® in (w, S) does not depend on any
interpretation of variables. Here now is a central definition of this chapter.

Definition 3.10.2 The monadic second order theory of the successor structure

(w, S) is the set of all sentences satisfiable (true) in the structure (w, S). We denote
this set of sentences by S18.
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Our purpose is to show that the monadic second order theory of (@, S) is
decidable. In other words we will show that there exists an effective procedure
which, for any given monadic second order sentence ®, decides whether or not
this sentence is true in the structure (@, S). .

3.10.4 From Biichi Automata to Formulas. Let A = (S, {s0}, T, F) be a
Biichi automaton over the alphabet . We can suppose that % {0, 1} for
some m € w as explained in Section 3.10.1. Let By, ..., Bu—k be subsets of w,
and by g1, - - - » by be natural numbers. We sometimes denote the sequence

m~. ey w§|\a..w~=|\a+m. ey @3

by: Bb. Bach such sequence and natural number i € o define a symbol o; of the
alphabet &:

) Am__..:msv,

where for each % ¢; = 1 if and only % i€ m jori=b;j. ,E.o:umoau the sequence
Bb defines the w-string

0001 QmQu ..

of the alphabet ¥ = {0, 1}"*. We We denote this infinite string by
word(B, b).

The opposite is also true: any sequence 007y . . from %% defines an m- EE@
of sets (X1, ..., Xm), where foreach i, 1 <i A m, m:& each n € w, the number n
is in X; (not in N ;) if and only if the ith component of o, is 1 (0). So, we see that
there is a natural one-to-one correspondence between all infinite strings from £
and m-tuples of subsets of . This correspondence is clearly seen if the ith row in
the infinite strings

word(B, b)

is identified with the characteristic-function of the set B; ({b;}).
The following theorem shows that the notion of acceptance for Biichi au-
tomata is expressible in the monadic second order formalism.

Theorem 3.10.1 There exists an algorithm which, given a Biichi automaton A

over & = {0, 1}, constructs a formula (X1, ..., X)), where X1, ..., X are
set variables, such that for all subsets B = By, ..., Bm C w the following property
holds:

A accepts word(B) if and only if (w, S) satisfies ®(B).

Proof. The proof is very similar to (even simpler than) the proof in 259,

we transformed finite automata into monadic second order formulas. Let A =
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(S, 1 , T, F) be a given Biichi automaton. We can assume that the initial state I
. contains one state only. Since S is a finite set we can also suppose that

_ s ,u.W”AO.Hv....ﬁw

\ with O being the initial state. Let 0 € X be of the form

where each ¢; € {0, 1}. We Qomso the formula ®,, (x, X), where X is. X Iy-ees X
as follows: e

. Do (x, Xty ..., X)) =x€1 X1 & ... &x € X,,

where €€ is € if € = 1, and ¢ otherwise.
Informally, this formula codes the letter o € X. We note-the following fact.

Let By, ..., B, be subsets of w. Then for every n € w there must existao € X
mcow that ea (n, B) holds. It follows that the formula

3 Vx| \/ @0 (x, B)

oel

is satisfied in (w, S). We also recall that for each w-word

o =0y...0r...€ 0%

there exists a sequence B = By, ... , w of subsets of w such that the infinite string
o equals the string word(By, ..., By).
Let Yo, Y1, ..., Y, be set variables. The desired formula involves these set

variables. The intention is that each ¥; represents the state i of the automaton A.
In the desired formula these set variables will be ox_mﬂo:cm:% quantified. We write
mosS the mo=0<<_:m formula denoted by D(Y), where Y is Yo, ..., ¥yt

%«i\l_m_mﬁm €Yi&zel).

. . . o
..E_o Eﬁ.::.on is that we want to express the fact that the automaton .4 cannot be
in two distinct states simultaneously.

We define another formula Dy i @

,¥) and explain its meaning. The for-
mula is

x€Yi& b, X) > \/ (S0 ev).
@i,0,/)eT
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Informally, the formula corresponds to the fact that w.m Aisin mg:.n i, Em next
input signal is o, then the next state of the automaton is a j such that (i, o, j) € T
The following note concerns this formula. Suppose that n € S.wsm Bi,...,B, C
w.Let o € ¥ be such that (w, S) satisfies ®, (1, B, Y). Then if the formula

AYp...3Y (Do (n, B, 7))

i

were true, there would exist a j such that S(n) belongs to ¥; and (i, o, j) belongs
toT. ) .
- Finally, the last formula we need is the formula F (Y defined as

Vadyx <y&x#y& | \/yerp].
jeF

We recall from Example 3.10.4 that the ordering < of H.H&E& numbers is
defined in the monadic second order logic. The formula F (Y) is intended to code
the notion of successful computation.

Now we write down the desired formula ® (X1, ..., Xn):

Wp... Yp(Vx(D(F) & 0 € Yo & &ies,oenPo,i(x, X, VI&F (D).

Note that this formula uses the symbol 0 that represents the smallest natural num-
ber. This number satisfies the formula Vy(x < y), and therefore the expression
eA.N 1, ..., X,») is a formula of the second order monadic logic. Now our goal is
to show that the formula ® (X1, ..., X;,) satisfies the theorem. We need to prove
,Eﬁ for all subsets By, ..., Bn C o the automaton A accepts word(By, ..., By)
if and only if (w, S) satisfies ®(By, ..., By).

Take subsets Bj, ..., By. Consider the w-string

word(By, ..., Bn),

which is '
0001 ...0¢ ...

Now let us assume that this string is an input to the automaton A.

Suppose that A accepts the string word(B1, . . ., By,). Therefore, Eo:w exists

arun
r=35051...5—15t5t41...

on the string
0001 ..0¢ ..

such that In(r) () F # @. We need to prove that

(@,8) = ®(B1, ..., Bn),
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that is, we need to show that there are subsets Dy, ..., D, of the domain  such

. thatthe interpretation ¥; — D;,i =0, ..., p, makes the formula ®(By, ..., B,,)
true in w. »

Here is how we define each Di,i=0,..., ﬁ )
- Di={jew|s; =i}.
F other words, we look at.the j¢4 state in the computation
r'= 505 ...5 841 ...,
- compare it with i, and put the number j into D; if and only if the state s; coincides

Ezmﬁromﬂmﬂom.ﬁroﬁgaim Oﬁm_f...wsvczaﬁﬁa msﬂo%noﬁmmo:omﬁ.lvbr
m‘H 0,..., p,is satisfied by (w, S). :

Now suppose that & (By, ..., B,,) is satisfied in (w, S). We want to show that

* A accepts the string word(By, ..., B,). There are subsets Dy, ..., Dp of w such
Emﬁ the formula ®(By, ..., B,,) becomes satisfied by (w, S) when we interpret
‘90 variables Yy, ..., Y p as Do, ..., Dp, respectively.

‘. ,m_onoéQ\.ms,éooosmao::omﬁ P ; m:owﬁrm:.mbh i Hrn: using the
definition of ®(X), one can check that the mm@:os.ow ,

ho.h—.....h?hnn_.mq...,

is a computation of A on the string word(By,... ., By) such that In(c) N F # 0.
This proves the theorem.

Exercise 3.10.5 Show that for every Biichi automaton A over the alphabet {0, 1}
there exists a \e.::im.eAN 15+« Xm) such that the following properties hold:

1. A accepts word(B) if and only if (w, S) satisfies GQMV.

2. The formula ®(Xy, ..., Xp) is of the form AYNZW(Z, Y, X1, ..., Xm),
- Wwhere V is a quantifier free formula.

In relation to the theorem proved we would like to make the following com-
ment. One might say that Biichi automata correspond to the class of nonterminating
computer systems (e.g., operating systems, air traffic control systems, banking sys-
tems); and the monadic second order formulas represent logical specifications of the
systems. Therefore, in this terminology the theorem above states that there exists
a transformation from nonterminating operating systems to their logic specifica-
tions. The fundamental property of these specifications is in their completeness.
In other words, one can provide a procedure which transforms each logic speci-
fication (formula) to a nonterminating computer system, that is to an appropriate
Biichi automaton. We will prove this in the next section.

N
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3.10.5 From Formulas to Biichi Automata. Our goal is to show the converse
of the theorem proved in the previous subsection. In other words, given a formula
of the second order monadic logic, we want to construct a Biichi automaton whose
successful runs correspond to the interpretations of thé variables that make the
formula satisfied. We first consider several examples to explain the idea.

Example 3.10.6 Consider the formula x, € X1. We define a Biichi automaton A
whose transition table is presented in Figure 3.19.

Figure 3.19: Automaton m@ﬁa@monmsm the formula xz € X.

The connection between the automaton and the formula xo € X is the
following. For all subsets By C w and numbers by € w, the automaton .4 accepts
the string word(B1, by) if and only if by € B;. Indeed, first of all note that the first
row in the string word(B1, by) corresponds to the characteristic function of the set
Bj. There exists only one symbol 1 in the second row of this string at the position
b. Thus by € By is m&nﬁo& if and only if the automaton enters the final state, and
stays in the-final state forever without failing to read the next inputs.

Example 3.10.7 Consider the atomic formula S(x1) = x3. We define an automa-
ton A whose graph presentation is given in Figure 3.20.

4, R

Figure 3.20: Automaton representing the formula x5 € X1.

The connection between this automaton and the formula S(x{) = x3 is as
in the previous example, that is for all b1, by € w the automaton A accepts the
string word(b, by) if and only if (w, S) satisfies S(b1) = bs. Indeed, take two
numbers b1 and by. Consider the infinite string word (b, b2). The first row of this
string contains only one symbol 1 at the position b1. The second row of this string
contains only one symbol 1 at the position . Thus, the fact that S(b1) = by is
detected if and only if the automaton enters the final state, and stays in the final
state forever without failing to read the next inputs. -
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- Now we give-a definition. However, we should make some notations. From

. how on, X and X denote the sequence X1i, ..., X,,_ of set «mam_u_ww and the

sequence Xp,—t1, - .., X, Of individual variables, respectively. We -use similar

notations for sequences of sets and elements in . For oxmz%_.@ BcA simply
means that By, ..., B, _;isa sequence of subsets of A.

IS

" Definition 3.10.3 Ler & (X, ¥) be a formula and let A be a Biichi automaton
_ S&w. {0, 1}". We say that the automaton A represents the formula ®(X, %), or
‘equivalently the formula (X, X) represents the automaton A, if for all subsets .

B C w and elements b € w, the automaton A accepts word(B, b) i [
ents b , ( , d
(@, S) satisfies ®(B, b). v g A ) Yand only if

The two examples above show that the formulas X2 € X1 and S(x1) = xy
are represented by automata. We also note that by Theorem 3.10.1 every Biichi

m,EoEM:.o: is represented by a formula. Our goal is to show that for any formula
there exists a Biichi automaton that represents the formula.

Exercise 3.10.6 %E%.SS the formulas Sub(X),
Vx(x € X —» S(x) € X),

and x <y,
VX (Sub(X) & x € X — y € X),
are representable by Biichi automata.
We now prove the following lemma.
Fo:-.::w 3.10.1 M:N%c,hm that Biichi automata Ay and Ay represent the SJormulas
mvn (X, X) and 9,(X, k), respectively. Then there exist Biichi automata represent-
ing

(X, ¥)TPy(X, 3), —®1(X, %), 0: X;®(X, %), and Qjx;jd1(X, %),

where T € {\/, &, -5}, Qe{(VAi=1....m—kj=m—k+1,...,m

Proof. Given Biichi automata A; and Az, we can consider the automata
.\:A.mw Az, A1 x Ay, and Af that accept the union L(A1) JL(Ay), the inter-
section L(A1) () L(A2), and the complement of L(Ay), respectively. Using the
wmm&:wno: that for each i = 1, 2 the automaton A; represents &; (X, x), and us-
ing that Biichi recognizable languages are closed under union, intersection, and

complementation, we see that the automata
A1 ® Az, Ay x Ay, AS

represent the formulas

(21K 0V 02X 5)), @1(X, DEOLE, 5, ~01(X, 5,
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respectively. We give, for example, a proof that A1 @ Ay Rﬁomo.am (®1(X, xv. V
®,(X, %)). Take subsets B C w, and elements w-m . Consider the S-m.:._:m
word (B, b). Then, since each A; represents &; (X, xv,. we see that (@, S) satisfies
(®1(B, b) \ ®2(B, b)) if and only if (, S) satisfies either &1(B, b) or $(B, Sm
Thus, by hypothesis of the lemma, (, ) satisfies (P1(B, $|<.ewa, b)) if an
only if either A; accepts word(B, b) or Ay accepts word(B, b). Hence, (@, S)
satisfies (®1(B, b) \/ ®2(B, b)) if and only if AL & .\.AN accepts word(B, S.
Now suppose that ® (X, x) is 3X; ®1(X, x). Without loss of generality, we
can assume that X; = X;. Consider the Biichi mﬁo&mﬁws xr over the &E:.T
bet & = {0, 1) which represents the formula ®1(X, X). H:o. m:.urmcﬁ Y is
¥ X ¥, where Ty = {0, 1} and ¥y = {0, 1)"=1, By the ?&woso: theorem
about Biichi recognizable languages (see Theorem 3.2.3), there exists an automa-
ton B which accepts the projection pr, Qw (Ay)) of the set L(A;). We show that B
represents 3X | Py (X, ¥). Indeed, take subsets By, ..., mslw C o, and o_oBo.Em
b € w. Consider the w-string word(Bz, ..., Bu—k, b). Then B accepts the string
word(By, ..., Bu—k, b) if and only if there is a string # € ({0, 1})® such Eﬁ,?o
string (u, word(Bz, . .., Bu—k, b)) € ({0, 1}")® belongs ﬁ.o L(AY). H:.oaomoﬁo,.ﬁrn
automaton B accepts the string word(By, . .., Bn—x, b) if and only if %owo is a
B1 C w such that the automaton A accepts the string word (B, mw, cers msL.: b).
Thus we conclude that (w, S) satisfies ®1(B, b) if and only if (w, S) satisfies
By, ..., By—i, D). :
0 Gmmwmwﬁ_vwv one .omw %o,\vo that there exists an automaton that represents the

- formulas Qx;®1(B, bu—is1, - »Xjs - -» bm) with @ € {¥, 3}, and the formula

VX ®1(B, bktlse s Xjyovns b,,). The lemma is proved.

Exercise 3.10.7 Give a construction of an automaton that represents the formula

VX 1 (X1, ooy Xon) if P1(X1, o v X Bs represented by a Biichi automaton A.

Lemma 3.10.2 Let & be an atomic formula. There exists an automaton which
represents ®. ,

Proof. The first two examples at the beginning of this subsection mgi that the
lemma is true for the atomic formulas xp € X1 and S(x1) = x2. .Hr.o mﬁa_o formula
x = y is represented by the automaton whose transition table is in Figure 3.21.

R

Figure 3.21: Automaton representing the formula x = y.

The atomic formula X = Y is represented by the automaton whose graph is
iven in Figure 3.22. < -
’ We ask the reader to prove that the formula $"(x) = $™(y) is E@moﬁom by
a Biichi automaton (see exercise below). The lemma is proved.
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. o

Figure 3.22: Automaton representing the formula X = Y.

Exercise 3.10.8 Prove that there exists a Biichi automaton that represents the
SJormula S"(x) = S™(y).

From the above lemmas we have the mozoém:m theorem.

Theorem 3.10.2 There exists a procedure which for every monadic second order
formula ® (X, %) constructs a Biichi automaton A representing the formula.

Proof. We first note that the operations of producing Biichi automata that
accept the union, intersection, complements, and projections of Biichi recogniz-
able languages can be carried out effectively. Now the proof of the theorem is by
induction on the complexity of the formula & (X, ¥). Lemma 3.10.2 proves the the-
Omo.E for atomic formulas, that is for the basic step of our induction. Lemma 3.10.1
proves the inductive step and hence the theorem,

3.10.6 Decidability and Definability in S1S. As a corollary of the previous
subsections, we get the following known theorem first proved by Biichi.

.Hrmoqm.:m.uc.uH\E50:&&0.%8:&3%3@%@MHM &Q}m.w:nnwaao:wgnw:wm
(w, S) is decidable. ,

Proof. Let ¥ be a sentence. We want to check whether or not (w, S) satisfies
. We can assume that W is equivalent to a formula either of the form Ixd(x)
or of the form 3X®(X). Consider the case when the sentence W has the form
 3X®(X). The case when W is of the form Jx & (x) is treated similarly. There exists
an automaton A representing ® (X). We conclude that for any subset B| C w, the
structure (w, S) satisfies ®(By) if and only if the Biichi automaton A accepts the
string word(B1). Thus, there exists a B; C o such that (w, S) satisfies ®(By) if
and only if there exists a string of the form word(B;) accepted by \A. It follows
that 3X ®(X) holds in (w, S) if and only if L(A) # 0. Thus we have reduced the
satisfiability problem for 3X & (X) to the emptiness problem for a Bichi automaton
representing ®(X). Since the emptiness problem for Biichi automata is decidable,
we see that S15S is also decidable. The theorem is proved.

It turns out that the results proved above provide not only decidability of S1S
but also talk about definability issues. Consider the set P(w) of all subsets of w.

.
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Definition 3.10.4 We say that a subset M C P(w)™ is definable if there exists a
Sformula (X3, ... ..Nﬁv such that

M ={(B1,..., Bu) | (0, 5) = ®(Bi, ..., Bu)}-
Clearly, every definable set M naturally defines an w-language Ly as
"Ly = {word(Bi,...,Bn) | (Bt,..., By) € M}.

We say that L C £"is definable if L = L for some definable set >\~ C P(w)™.
From the definitions and the theorems proved in the previous two sections we have
the following definability result.

Theorem 3.10.4. For any e-Ezwzam« L over the alphabet % the following condi-
tions are equivalent: ‘ .

1. L is definable.
2. There %:.amha Biichi automaton A such that L = L(A). O

Exercise w.s.w Check the correctness of the %&3«5 above.

3.11 An Application of the McNaughton Theorem

From the previous section we see that Biichi recognizability is BE,\&Q: to-de-
finability in monadic second order logic in a certain precise sense. A natural and
somewhat informal question which arises is the following:

Whatisthe x&&&iiﬁ between Biichi .RnowSNaENN.Q and definability
if we weaken the monadic second order logic?

In this section we give one possible answer to this question. We recall that in
defining the monadic second order logic of (w, S) we used variables

X, Y, Z,...

which are set variables. The intention for these variables is Eﬁ. they run over
subsets of @. We now introduce a weaker fragment of the monadic second order
logic of (w, S).

The logic is defined in oxmosw the same way as we defined the monadic
second order logic of (w, S) with only one exception. In this logic we again use

variables
XY Z,.

possibly with subscripts or superscripts, with the intention that Eo% runover subsets
of w. However, when we quantify these set variables, then we always assume
that the set variables under the quantifiers represent finite sets. Thus, the ,mo_.BEw
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dXP(X) is simply intended to say that there exists a finite subset B of natural
numbers such that ®(B). We call this logic the weak monadic second order logic
‘'of (w, S). Another important point here is the following. Set variables X that occur
Jreely in a given formula can have any interpretation as subsets, in particular infinite
mccmoa of w. Let us consider several examples.

stic_owﬂ 1 Consider the formula: Vz(z € Y — z € X). We denote this
\.S,Eia byY C X.

This formula is a formula of the weak monadic second order logic. éroz X
is interpreted as an A C w and Y is interpreted as a B C w, the formula is true if
and only if B is a subset of A. Note that we mo not require A and B to be finite
since X, Y occur free in the formula:

Example 3.11.2 Consider the formula Y (Y C X ).

. Note that in this formula Y is in the scope of the existential quantifier. .H_:m
formula reads as follows. There exists a finite set ¥ which is a subset of the set (not
zooomwm:_% finite) X. Note that the formula is true under all interpretations of X.

Example 3.11.3 Consider the Jormula VX3Y (Y C X).

Both variables in this formula are not free. Hence this formula states that for

all finite sets X there exists a finite set ¥ which i is a_subset of X. Note that this
sentence is true in the structure (w, ).

Exercise 3.11.1 Consider the following formula of the weak monadic second order
logic:

E\Qnx%w#&%SQSGQ_VMS%Sm Y—>yel)).

What does this formula say? For which X subsets of w, is this formula true in the
structure (w, S)?

-Exercise 3.11.2 Consider the formula
[

WA CX&Y AB&EINYRESON) =0 &y €Y - y€Y)).

Does there exist an X subset of w which makes this Sformula true in the weak second
ex&wx monadic logic? Does there exist an X subset of w which makes this Jormula
true in the second order monadic logic?

. We now can define the set of all sentences of the weak monadic maoosa order
logic that are true in the structure (w, S). Here is the defirition.

Definition 3.11.1 Denote W S1S to be the set of all sentences in the weak monadic
second order logic which are true in (w, S).
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Having defined the smrww second order monadic _omwo. itis :o.s natural to ﬂm.w
how this logic is related to the monadic second order _om_m. To Uw.Em:% gwiwﬂﬁoum
question, we note that there exists a formula Fin(X) oo:.maowom in Mxmﬁ% e3.10. _
of the monadic second order logic that is true if and only _m. X is a finite set of ﬂ.m::m
numbers. Therefore, any formula @ of the weak monadic second order :.um_o o.m:
be transformed into an equivalent formula W of 2.6 second order monadic logic.
In order to explain this we give an example. Consider the formula

- AYVX(D(X,Y, Z1, Z2)).

in the weak monadic second order logic, where ®(X, Y, N b Z») contains no ncﬁm
tifiers. Then we can transform this formula into the following formula of the secon

order monadic logic:
Y (Fin(Y) & VX (Fin(X) - (X, Y, Z1, 22))),

: ir i i : la is true in (@, S) if and
Thus, for all interpretations of variables the- first moﬁs.:
only if the second formula is true in (@, S). We leave it to the reader to prove M:M
following general statement which in particular shows that W S1S canbe embedde

into S1S.

Exercise 3.11.3 Prove that for any formula ® of the weak ..Kno:& order Se:a&m
logic there exists a formula ¥ of the second cx&a.w Ecg&.n logic so %@ NE. a
interpretations of variables the formula & is true in (w, S) if and only if W is true
in(w,S). |

Now our goal is to show that the power of the inmw moo.osa order Bo:mn”o
logic coincides with the power of the monadic m.ooo.s.a order logic. In order to make
this statement precise we give the following definition.

Definition 3.11.2 We say that a subset M C P(w)™ is weakly a.mmzm.a_..w if %Qw
exists a formula ®(X1, ..., Xm)of the weak second order monadic logic such that

M={(B1,...,Bn) | (0,8 E®(B1,..., Bn}

Now our goal will be to show that any definable set (in the monadic second

. . . ble.
order logic, see Definition 3.10.4) is also weakly defina
O_sz% every (weakly definable) set M C P(w)™ naturaily defines an o-

language Ly over the alphabet {0, 1} as follows: .
Ly = {word(By, ..., Bn) | (B1,..., Bn) € M}.

We now give the following definition that singles out those _mzmcﬁmnm that corre-
spond to relations definable in the weak monadic second o&ﬂ logic.

Definition 3.11.3 An w-language L C X% is weakly deéfinable if L = Ly for
some weakly definable set M C P(w)™.

e
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. Here is the desired result that uses the McNau ghton theorem. The result states
_that the definability in the weak second order monadic logic is equivalent to the
‘definability in the second order monadic logic. . ’

Theorem 3.11.1 An w-language L is definable if and only if L is weakly definable.

] Proof. We have already outlined the proof that weak definability implies
definability. We refer the reader to Exercise 3.11 .3, the example considered before

_the exercise, and the definitions of definable and weakly definable languages in
order to formally prove this part of the theorem.

We now need to prove that any definable language is in fact weakly defin-
able.. So let L be a definable language. Then there exists a Biichi automaton that
recognizes the language L. By the McNaughton theorem (see Theorem 3.8.1),
the language L is Miiller recognizable. By the characterization theorem of Miiller
recognizable languages Amm@ Theorem 3.7.3), L is a finite Boolean combination of
S-E:mcmmmm of the type W, where each W is FA recognizable. If we can prove
that each W is weakly definable, then by taking the boolean combination of the
formulas (in the second order weak monadic lo gic) that define the language W, we
see that L is weakly definable. Therefore, it suffices to prove the theorem when L
is simply W, where W is an FA recognizable language.

Thus, assume that L = W, where W is an FA recognizable language. The
idea is the following. For the language W, consider a formula ®(Xj, ... y Xm)
of the monadic second order theory of finite strings such that W is definable (in
the monadic second order logic of strings) by formula ®(Xj, ... » Xm). We recall
that (X1, ..., X,,) defines W if for any string w € ({0, 1})* there exists a
chain C and subsets By, ..., By, of the chain such that w = word(C, By, ..., By,),
and w € W if and only if C satisfies ®(By,..., By). Then one can obtain a for-
mula W(Xy, ..., X,,) of the weak monadic second order logic of (w, S) which
simulates (X1, ..., X,,) in the following sense. The formula V(X1 ooy X, y)
states that for any @ € X% determined by the sets Xq,..., X,, (that is, ¢ =
word(X1, ..., X,,)) the infinite string o up to position y satisfies @ K1y oony Xp).
Below we implement this idea formally. v

Let Abe a deterministic finite automaton recognizing W. The goal is to write
down the formula that can talk about runs of the automaton A on infinite inputs.

~ So assume that the initial state of A is 0 and the set S of states is {0, ..., p}. We
define the formula @, (x, X), where X is X1, ..., X, as follows:

, bOy(x, X1,..., X)) =x €9 X1&...x € X,,,

é:ﬁo for e is € if e = 1, and & otherwise. Informally, this formula codes the
word o € {0, 1}™. We note the following fact. Let By, ..., B, be subsets of w.

Then forevery n € w there mustexistao € X such that ®, (n, B) :oEm. It follows
that the formula

vx [\ @, B)

N gen
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is satisfied in (w, S). We also recall that for each w-word
. a=0¢...01...€ B

there exists a sequence B = By, ..., By of subsets of w such that the infinite string
a equals the string word(By, ..., By).

Let Yo, Y1, ..., Y, be set variables. The desired formula involves these set
variables. The intention is that each ¥; represents the state i of the automaton .A. In
the desired formula these set variables will be existentially quantified. Since we are
dealing with the weak monadic second order logic, these variables are supposed
to run over finite subsets of . We write down the following formula and denote it
by D(Y), where ¥ is Yo, ..., ¥p:

. hﬁw i
This formula informally states that A cannot be in two distinct states at the same
time. S :

We define another formula ¥, (x, X, ¥) as follows:

Az2(z € Yi&z € ¥).

Vil | (x < X)&Do(x, X1y, Xm) > \/ (€Y
0,0,/)eT

Informally this formula expresses the fact that if o is the first input signal of an
w-input, then the next state of the automaton A is a j such that (0, o, j) € T. Since
T is a deterministic transition, we note that the state j is unique. The following
note concerns this formula. Suppose that By, ..., B, C w.Leto € X be suchthat
(w, S) satisfies P, (0, B). Then if the formula ,

" 3Y,...3Y,(¥, (0, B, T))

were true (note that the variables Yy, .. ., Y, are existentially quantified and hence
run over finite subsets of w), then there would exist a unique j such that S(0)
belongs to ¥; and (0, o, j) belongs to T'. .

We define another formula &4 ;(x, X7, y) and explain its meaning: The
formula is i . ,

Xx€Y; & 0o (S(x), X) &x <y — < (Sx) € Y)).
(i,0,j)eT

Informally, this formula codes the transition table T' of A before reaching the
position y. :

“Finally, the last formula we need is F(y, Y), defined as

\VACZD O}

jeF
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. ,E:m .mo:dc_m is intended to say that if A 5.@8.5208& its computation up to
, position y, then the state of the computation just before reading y is a final state.

Now we write down the desired formula ¥ (X1, i
e writs 1s .., X,;)in th
,o&n% monadic logic of the structure (w, S): & e weakcsocond

Vady((x < y) & V(DY) & Vi Yx2(&ies,pen (Vo (41, X, )
& ®5i(x2, X, ¥V, y) & F(y, ¥))).

Now the reader can check that the language W is definable by this formula of

the weak monadic second logic. We note that the proof of this is quite similar to
the proof of ..;835 3.10.1 (see the exercise below). Thus, we conclude that the
language L is weakly definable. The theorem is proved.

the proof of the theorem above is indeed the desired one

¢

Exercise 3.11.4 Check that the Jormula W(X, ..., X,) provided at the end of



